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Optimal Laminate Configurations
of Cylindrical Shells for Axial Buckling

J. Onoda*
Institute of Space and Astronautical Science, Tokyo, Japan

Optimum laminate configurations for laminated cylindrical shells under axial compression are investigated
and obtained under buckling constraints. Complete freedom is given in the selection of the ply angle variation
through the thickness. Twelve lamination patameters are introduced to describe laminate properties, and the op-
timal values of these parameters are obtained numerically. It is shown that there are many different optimal con-
figurations which give the same buckling load. The optimality condition for the laminate configurations is de-
rived semiempirically from the numerical results in terms of the lamination parameters. The maximum buckling
load is obtained in terms of material properties. Some examples of optimal laminate configurations are
presented. It is shown that one of the optimal laminate configurations can be obtained when an infinite number
of infinitely thin layers are arranged so that the shell becomes quasi-isotropic in the shell surface and

quasihomogeneous through the thickness.

Nomenclature

ApBy,D;  =nondimensional stiffnesses, see Egs. (3) and
@

C; =defined in Eq. (13)

E =Young’s modulus

ErG;r =normalized transverse Young’s modulus and
shear modulus, respectively, see Eq. (6)

F,,F, =defined in Eq. (28)

fmax (g’ ¢ )’

Smin(@,®) =maximum and minimum value, respectively,
of the function g with respect to its argument

: ¢

G =shear modulus .

K =nondimensional buckling load coefficient, see
Eq. (17)

M,,M,,M,, =resultant moment per unit width

m,n =numbers of axial half-waves and circumferen-
tial waves, respectively

N =applied axial compressive load per unit width

N, =value of N which causes instability

N,N,,N,, =resultant stresses

D.q =defined in Eq. (12)

onin =defined in Eq. (15)

R,t,L =radius, thickness, and length of cylindrical
shells, respectively

u,u,w =displacements in the x, y, and z directions,
respectively

w; =defined in Eq. (5)

X, )2 =axial, circumferential, and radial coordinates,
respectively

€€ Yy = strains .

& =lamination parameter, see Eq. (7)

] = angle between x axis and fiber or principal axis
of layer

KoKy Ky =changes of curvature

v =Poisson’s ratio

£ : =defined by Eq. (8)

Superscripts

0 =associated with midsurface
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Subscripts

L =longitudinal
opt =optimal

T =transversal

Introduction

ANY papers! on the stability analysis of laminated

composite cylindrical shells have shown that the
laminate configurations have great influence on the buckling
loads and, consequently, that improvement of the strength
by means of tailoring is possible or even necessary. Many ef-
forts to identify the optimal laminate configuration and
some limited results have been reported. Tasi’ has analyzed
the stability of cylindrical shells composed of three layers
(two layers with fibers oriented circumferentially and one
layer with fibers oriented axially) under axial compressive
load and internal pressure. Hirano? has investigated the
buckling load of angle-ply laminated cylindrical shells under
axial compression and has obtained the optimal lamination
angle under the assumption that the lamination angle is con-
stant through the thickness. Kobayashi et al.? have obtained
the optimal stacking sequence of layers with 0 deg, 90 deg,
+6, and — 0 fiber directions and the optimal value of # to ob-
tain a maximum buckling load of two-, three-, four-, six-,
and eight-layer composite cylinders, respectively. He also in-
vestigated the effect of prebuckling deformation on buckling
loads. Recently, Nshanian and Pappas® have applied a
special mathematical programming (MP) algorithm to deter-
mine the optimal ply angle variation through the thickness
under the restriction of symmetric, orthotropic, angle-ply
laminate configurations, considering the minimum natural
frequency or the axial and internal/external pressure buck-
ling load. They approximated the ply angle distribution by
means of continuous piecewise-linear functions or discon-
tinuous piecewise-constant functions, and obtained some
nearly optimal laminate configurations.

However, a general demonstration of the optimal laminate
configurations has not yet been shown, since in these pre-
vious papers the optimization was carried out under many
restrictive conditions. It may not be necessary for structural
designers to optimize structures strictly, but it is very impor-
tant for them to be aware of the optimal configuration as a
general guideline. In this paper, the optimal laminate con-
figuration is obtained by applying the energy method, based
on the Donnell-type shell theory, to the axial buckling of



1094 J. ONODA

thin, not very short, simply supported laminated composite
cylindrical shells. Complete freedom is given for the first
time in the selection of the ply angle distribution through the
thickness. Twelve lamination parameters, which are func-
tionals of the distribution function of the ply angles through
the shell thickness, are introduced, and it is shown that the
mechanical characteristics of the shells are determined
uniquely by these 12 parameters for a given material. The
optimal values of these parameters, which maximize the buck-
ling load for the given materials and dimensional parameters,
and the corresponding buckling load coefficient, are
calculated. The condition of the optimal laminate configura-
tion is derived semiempirically in terms of the lamination
parameters. Since the objective of this paper is to identify
the optimal laminate configuration, i.e., to investigate the
relationship between the change of buckling load and the
change in the parameter values, relatively simple buckling
anaysis is used under the assumption that the shells are thin
and not very short. The thickness of the shell is assumed to
be uniform and the material of each layer is assumed to be
the same.

Buckling Analysis

The shells are assumed to be composed of anisotropic
layers whose material properties are identical. The ply angle
@ is considered to be an arbitrary function of z defined in the
region —¢{/2<z<t/2. The strains at z are assumed to be
related to the midsurface strains and the curvature changes
as follows.

e =€l+2K, €, =€l 2K, vy =YY 2Ky (1)

The stress and the moment resultants are defined as follows
by assuming that the shells are very thin:

12
(NN, Ny, M, M, M, )_S s (04505715205, 20,, 27y, ) AT

@

Then, the following relations between the stress and moment
resultants and the midsurface strains and curvatures can be
derived from the preceding equations, together with the
classical lamination theory.®

(N (A, Ap A, 1By 1B B | (€l
N, A, Ay Ay 1Bp 1By, 1By €
N g A Ay Ag 1B 1By  1Bgs Yy
M, hd tB,, tB,, tB); D, D, PDy Ky
M, tB;, By, By #D,, P’D,, PDy K,

M., 1By 1By Bg 1'Dyy Dy Dy | kg )

where

A=W+ Wok+ Wi, Ap=W,—W;{s,
Ap=W; =W+ Wsis, Ags=Ws—W;is,
Ag=—Wy/2= Wi, Ay =—=Wi$/2+ Wi,
B = (Wy{s+ Ws$) /4, By=—W;i,/4
By =(—W,y8s+ Wity /4, Bgs=—W;i,/4

Bis=(—W,{s/2—W;3is)/4, Bys=(—Wys/2+ W3ie)/4
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Dy =(W,+ Wylo+Ws3{,)/12, D= (W,—Wsiy)/12

Dy = (W, —Wyto+ W3(1)/12, Dgg=(Ws—W;{,)/12
Dis=(—Wy{1/2—Ws{15)/12,

Dys=(—Wy10/2+ W;5ip5) /12 4)

W,=(1/4)(1+E;+2v7)/(I—=vv;)+Gpp

W,=(1/2)(1—Er)/(1=v,vr)
=(/4)I+Er=2vp)/(I=vpr7) =Gy

W= (1/4)(1+Er+2vy)/(I=vpv5)—Gpr

W= (1/4)(1+Er—2v7)/(I—v.vy) )
ET ET/EL) éLT = GLT/EL 6)

1! 17
¢ =2—S~1 cos20dé, §‘2=—2—S_1 sin26d¢

17! 1!
= — 2 T e—— 1
€ 3 S_I cos?260dE, &4 5 S—z cos20sin26d¢
1 1
= S , £cos26dé, $= S , £sin260dé
! 1
S , £cos?20dg, te= S , £c0s20sin20d§
3¢ 300
TS , £2c0s260dE, {,0:2—S_I £2sin20d&
3! 3!
(,,—2—5 , £2cos?20d¢, §12=75 1£2c05205in20dg )
£E=2z/t (8)

Equations (3), (4), and (7) show that the characteristics of
the laminated composite shells are defined by only 12 lam-
inate parameters for any given material characteristics of the
layer. To the author’s knowledge, some of these parameters
or their equivalents were first introduced by Miki’ and
Fukunaga and Hirano.®

In this paper, the axial compressive buckling load is
estimated by the Rayleigh-Ritz method. The Donnell-type
strain-displacement relations are used in the analysis. It is
assumed that the cylindrical shells are not so long as to allow
Euler buckling to occur first. The following buckling
deformation functions are used, which satisfy the kinematic
boundary conditions (w=0, v=0) of simple support (S—2).

. mmwx ny mwx ny
W=W,,sin I CcOos ? > U=Uu,,Cos 17 cos 73—

_ . (max\ . [ ny
v—v,,msm( 7 >51n<R) ©®)

It should be noted that these displacements satisfy both of
the Donnell-type equilibrium equations and the simply sup-
ported boundary conditions (S-2, i.e, w=0, M, =0, N, =0,
v=0) rigorously, only if

A=Ay=Bis=By=D;s=Dy =0 (10)
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If these values are not zero, neither the equilibrium equa-
tions nor the natural boundary conditions (M, =0, N,=0)
are satisfied and, therefore, overestimated approximate
eigenvalues will be obtained. The buckling load is obtained
as the lowest eigenvalue of the equations of stationary condi-
tions of the total potential energy. The eigenvalues are ob-
tained as a function of »n and m or the parameters p and g as
follows:

N(p.q)=(E_2/R){q(t/R)C,(p) + C,(p)
+(R/1YC3(p)/q)} 1
where
g=m?= (mnR/L)?, p=(n/m)? (12)

C;(p)=Cs(p)—Cs(p)/Cy(p)

C,(p)=2B;;+C;(p}/C,(p)

C;(p)=Cs/Cy(p)

Ci(p)=AAss— (Af +2A pAgs — A A )+ ApAgd?

Cs(p) =Dy +2(D, + 2Dgs)p + Dyyp?

Cs(p) = AgB5p* + (A}, B, + A,Bt — 2A BBy, ) p?

+2(A BBy +ApBsBy — A BBy — A, B
—AgsB11Byy)p* + (A Bi + A,,B7,
—2A,,B;;Bg)p+ AgsB3,
Co(p)=2(—ApAgBnD® + (A AgByy +A%Bs
+AgsAnBy —AAnBs)p—ApAgB), )
Cy=Ag (A Ap—A7) (13)
Bs=B;,+ 2B 14)
It should be noted that the parameters {,, {,, s {5 $9, and
{1, have disappeared from the preceding equations. Equation
(11) is the same as the exact eigenvalue obtained directly
from the Donnell-type equilibrium equations, when the
values of A, Az Bis, Bas, Dy, and Dy, are all zero.

The critical buckling load is the minimum value of N with
respect to the integers n and m. However, in this report, for
the sake of simplicity, the variables p and g, which are the
functions of n and m, are considered to be continuous.
When the values of C; and C; are positive, the value of g,
which minimizes N, is

Gmin = (R/EONC,(p)/C (P) (15)
and the corresponding minimum value of N becomes

N(P.qmin) = ELF/R)2VC, (P)C3(p) + Co(p)) (16)

The axial compressive load per unit width which causes in-
stability, N, is the minimum value of N(p,q.,) with
respect to p (0=<p), and the nondimensional buckling load
coefficient is introduced as follows:

K(§1’§3:§5»§7’§‘91§‘11):Nch/(ELtz)
=fmin{N(p:qmin)7 p}R/(ELtZ)

=fain {2V C1 (P)C5 (p) + C2(p), p) an
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where the function f,;, (g,¢) denotes the minimum value of
the function g with respect to its argument ¢. When the
value of p increases infinitely, as can be seen from Egs. (13)
and (15), ¢, becomes proportional to p~? as a limit.
Therefore, both values of m=Vgxp~! and n=Vpgxp=*
become zero as a limit. This is an unrealistic situation. In
spite of this, the minimum value of N(p,q,,) is searched
throughout the full range of 0<p in this paper. The above
treatment is not suitable for very short cylindrical shells.

Optimal Values of ¢; (i=2, 4, 6, 8, 10, 12)

As mentioned previously, the assumed buckling deforma-
tion functions, Eq. (9), satisfy the Donnell-type equations of
equilibrium and the natural boundary conditions of simple
support only if Eq. (10) is satisfied, i.e., only if the shear-
extension couplings are negligible. Equation (10) is
equivalent to the following equations when W,W,#0, i.e.,
when the ply is anisotropic.

G=0=8=G=10=,=0 (18)

These facts mean that Eq. (9) cannot express the true buck-
ling deformation if Eq. (18) is not satisfied. Since the
Rayleigh-Ritz method gives overestimated approximations
for eigenvalues whenever the assumed deformation functions
cannot express the true deformation, the true eigenvalues,
which can be oObtained by using true buckling deformation
functions, are less than the approximate values given by Eq.
(11) or (17) if any values of {; (i=2, 4, 6, 8, 10, 12) are not
zero. Furthermore, as has been noted, Eqs. (11) and (17) are
independent of the values of {; (i=2, 4, 6, 8, 10, 12) ex-
plicitly as well as implicitly. Therefore, it is concluded that
the optimal values of {; (i=2, 4, 6, 8, 10, 12) which max-
imize the true eigenvalues are given by Eq. (18), because the
true eigenvalues become identical to Eq. (11) or (17) only if
Eq. (18) is satisfied, and otherwise, the true values are less
than Eq. (11) or (17). This conclusion is valid not only for
relatively long cylindrical shells subjected to the axial com-
pression, but also for very short shells subjected to axial
compression as well as cylindrical shells subjected to the
combined axial and internal/external pressure loads.

The above-mentioned optimality conditions for §; (i=2,
4, 6, 8, 10, 12) qualitatively coincide with, for example, the
results of Uemura and Kasuya,* who have shown, by some
numerical examples, that the axial buckling loads usually
decrease when the values of A4, Ay, Bys, By, Dy, and Dy
become nonnegligible. However, to the author’s knowledge,
to date the above optimality conditions have not been
pointed out as clearly as in the present paper.

Optimization with Respect to
G E=1,3,517,9,11)
In this report, the values of the parameter {; (i=1, 3,5, 7,
9, 11) which make the value of K maximum are numerically
obtained by the following method.

Kopt :fmax(fmax(fmax(fmax(fmax(fmax(K’ §‘1 ): ?3 ): ?5); ;7): f-9)’ g-Il)
19

where the function f,,,(g,¢) denotes the maximum value of
the function g with respect to its argument ¢. Each function
JSmax is calculated numerically by direct search of the max-
imum value. For each evaluation of the value of
Jmax Umax Fmax Fmax Pmax (Ko £ )5 83, $5),$7),¢9) for certain
values of ¢;, (necessary in the process of the optimization
with respect to {;;), optimization with respect to {, is re-
quired. An optimization with respect to {, is carried out for
each evaluation of the value of f .. (fmax(Fmax(Fmax &, E1)s
£3),85), &) for certain values of {, that is required in the pro-
cess of optimization with respect to {,, and so on. Therefore, a
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great deal of computational time is required, especially for
problems with a large number of design parameters. However,
this method is utilized in order to obtain reliable results,
because the maximum point can be successfully obtained by
this method even if the surface of function K has a very sharp
ridge, as in the present cases.

It can be seen from Eq. (7) that the values of { must
satisfy certain conditions to assure the existence of the real
function 0(z). The possible range of the value of ¢; is, for
example, a function of the values of {; (j=1,2,...,i—1).
Therefore, the optimal values of { must be found under the
above constraints. In this paper, however, the optimal values
of ¢ are searched first without such constraints and, subse-
quently, are shown to satisfy these restrictive conditions by
ascertaining if there exists any real function 6(z) correspond-
ing to them.

Results of Numerical Calculation
A large number of numerical calculations for optimization
are carried out with various initial values. Random values of
¢ which satisfy the following evident restrictive conditions
are used as the initial values without any investigation of the
existence of any corresponding ply angle distribution func-

tion 6(z).

—l==<1 (i=1,579); 0=<g<l (i=3,11) Q0
=6, 8=t @n
Ci(p)>0 (0=p); C;(p)>0 (0=p) (22)

The conditions in Eq. (21) can be derived from Schwarz’s in-
equality.” The conditions in Eq. (22) are introduced, because
otherwise [as can be seen from Eq. (11)] the value of N can
become negative or zero, which are unrealistic values.

It is found from the numerical results that the optimal
point cannot be determined uniquely. That is, there are
many sets of the values of ¢ which give the same optimal
value of K. However, if one of the values of {;, {,, and {;, is
set to a specified value, the corresponding optimal point can
be determined uniquely, regardless of the initial values and
the specified values. The optimal point gives the same op-
timal value of K as the one obtained without the above
restriction on the value of &, ¢, or {;;. This fact indicates
that the optimal value obtained is not only a locally maximal
value.

Furthermore, the following points have been deduced
from the above-mentioned numerical results with very high
accuracy for all of the different anisotropic material proper-
ties investigated here.

1) The optimal values of ¢,, s, and {, are always given by

§=8s={o=0 (23)

2) The value of N(p,q,,;,) does not depend upon the value
of p whenever the values of { are optimal.
3) One of the optimal sets of the values of { is given by

G=0=80=8,=0, G={u=% 24

A few examples of numerical results for different initial
values are listed in Table 1, which demonstrate points 1 and
3 above. The example of numerical results listed in Table 2
demonstrates point 2. In all of the cases listed in the tables,
the value of {;, is fixed to the specified values. As can be
seen in the tables, the above-mentioned points are indicated
by the results of this calculation with a very high numerical
accuracy. The numerical accuracy has been increased by the
stricter termination condition in the iteration process of the
numerical calculation and by the increased allocation of bits
per variable in computer computation, and it is likely that
even more accuracy can be expected if desired.
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Optimality Conditions
As has been mentioned, the results of the numerical
calculations show that Eq. (24) gives one of the optimal
points. After the substitution of Eq. (24) into Eq. (4), the
following optimal reduced buckling load coefficients can be
derived from Eqgs. (13) and (17), where the value of
N(P,qmin) becomes independent of p.

Ko ={U+Er+2v){I+Er—2v,+4G
X (1—vi/Ep)} /7241 %/ (1 —vi/E7) (25)

This equation gives the reduced buckling load coefficient for
the optimal laminate configuration, which is the same as the
classical buckling load coefficient of quasi-isotropic
homogeneous shells. This equation gives the same value of K
as the optimal values directly obtained by the numerical
calculation for all of the cases investigated herein.

From the numerical calculation result of point 2 of the
preceding section, the following equation, for example, can

“be derived for all optimal sets of the values of {:

N(p=0, Gun)=N@=1, ¢n.)=Eq. QS)XE /R (26)

Using the numerical result, point 1 of the preceding section,
and the above equation, the following relation can be de-
rived between the optimal values of {;, {,, and {;; from Eqgs.
@), (5), (13), (14), (16), and (25):

(§3=0.5)=F;({;;—0.5), §=F,({;;,—0.5) @7
where
Fi=(W,+W;=W)/(W,;+W,)
{1+ E;—2v;4+4G, (1 —v2/E)Y/{2(1+Ep+2v7))
F,=2VF,/3 (28)

The optimal values of {; and {, obtained from Eq. (27) for
the given value of {,; are listed in Table 1 and compared
with the values obtained by direct numerical optimization.
We can see that these values coincide with very high ac-
curacy. A similar situation is observed for all of the different
materials investigated here, although they are not listed. This
fact strongly suggests that points 1-3 of the preceding sec-
tion, which are deduced from the numerical calculation
results, are true. As a result, it can be concluded that the op-
timality conditions for laminate configurations are given by
Eq. (27) together with the following equation:

0=0=0=0=0s=8=80=(10=§12=0 (29

It is empirically known that the anisotropy of the
laminated cylindrical shells usually decreases the axial buck-
ling loads. This point coincides with the above results.
However, the above conclusion shows that there also exist
anisotropic optimal configurations which give the same
buckling loads as the isotropic case.

Existence of the Ply Angle
Distribution Function 6(z)

If we consider a lamination composed of equally and alter-
nately stacked thin layers with the angles of #/6, 0, and
—7/6, it can be seen that the values of { of this lamination
become

G=0=0=05=0=0===10={n=0, {={=05
(30)
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Table 1 Some examples of initial values of {, final optimal values_
of { and K, and the values of { obtained with Eq. (27) (£7=0.06, v7=0.02, G; 7 =0.035)

1097

Initial Final Eq. 27) Initial Final Eq. (27)
$; 0.1542 —0.00000 — 0.3483 0.00000 —
$3 0.0535 0.60537 0.60537 0.9015 0.55269 0.55268
s 0.0481 0.00000 — —0.5276 —0.00000 —
¢y 0.3077 0.16763 0.16763 0.0898 0.08382 0.08381
$o —-0.2317 —0.00000 — 0.2060 0.00000 —
(971 0.7000 0.70000 0.7) 0.6000 0.60000 (0.6)
K 0.232033 0.232033
Y] 0.2561 0.00000 — —0.0873 0.00000 —
{3 0.5820 0.50000 0.50000 0.5213 0.44732 0.44732
s 0.1474 —0.00000 — —0.0759 0.00000 -—
$7 —0.6611 ~0.00000 0.00000 0.4145 —0.08381 —0.08381
$o 0.4525 0.00000 — —0.3885 0.00000 —
(97} 0.5000 0.50000 0.5) 0.4000 0.40000 0.49)
K 0.232033 0.232033

Table 2 An example of initial and final values of
N@, i) R/EL£?) and ¢ (E7=0.06, v =0.02, G, ;=0.035)

1 (oo, (Lrn)esd Lo o

P Initial Final
0 0.3214473 0.2320331 _ _
N(p.a— R 0.01 0.2907025 0.2320331 0.5<a;<0.5, =0.5<a,<0.5 33)
(D> min)
—— 0.1 0.1461927 0.2320331
Eyt 1.0 0.0314076 0.2320331 ] .
10.0 0.0901389 0.2320331 where 6 is an arbitrary constant.
100.0 0.2261810 0.2320331 Equation (32) corresponds to Eq. (27). The eigenvalue
o 0.2622472 0.2320331 and the elements of eigenvector «; and «, of Eq. (32) are
found as follows, under the condition of —1<y<1.
¢} 0.1578 —0.0000002
I 0.8998 0.3946335 —(]—F 4
& ~0.4780 ~0.0000017 n=U=F)/F, 34
I —0.6711 —0.1676238
;; 0.3779 —0.0000011 ay=o{4(I=F,)=3(1—F;)’}/{4(I1+F,)=3(1—F))*}
(97} 0.3000 0.3000000

when the number of layers increases infinitely and the
thickness of each layer decreases infinitely. Generally, Eq.
(30) corresponds to the laminated shells with the infinite
number of infinitely thin layers arranged so that the shell
becomes quasi-isotropic in the x-y plane and
quasihomogeneous across the thickness. These specific op-
timal configurations have the advantage of ease of analysis
since we know much about isotropic homogeneous shells.

Let us consider the following laminate configurations: For
example, a configuration with part of the thickness n<§(<1
composed of equally and alternately stacked infinitely thin
layers with the angles of +86,,, —8,,, +6,,, and —8,,, and
the rest of the thickness — 1 < £ <7y composed of equally and
alternately stacked infinitely thin layers with the angles of
+6,,, —0,,, +0,,, and —0,,, where

cos20;,=V0.5+a;, cos20,=—-V05+q,
0820, =V0.5+ oy, €0820,=—~V0.5+a, 31
When %, a5, and «, satisfy the following relations, it can be

seen that the values of ¢ of this laminated shell satisfy Egs.
(27) and (29).

ZL{S: <2i+°">d5+§"_, (—ZI-H‘:)dE} =71—+F,a
Sl (ziwl)fdﬂgi, <2i'+a2)sds=an

(335)

where o, is an arbitrary constant under the condition Eq.
(33).

The above equations show examples of optimal laminate
configurations giving a freedom of the value of «;. When «;
and «, are not zero, the above examples of laminate con-
figurations are not only anisotropic but also unsymmetric,
having a nonzero value for {,. In other words, B,;, By,, By,
and B, are not zero. ,

Since some examples of the real ply angle distribution
functions 6(z) corresponding to the optimal values of { have
been shown to exist, it can be concluded that the optimal sets
of the values of { obtained in previous sections (without any
rigorous restrictions) are real ones.

Conclusions

The optimal laminate configurations for composite cylin-
drical shells under axial compression are obtained under
buckling constraints. For the first time, complete freedom is
given in the selection of the fiber angle distribution through
the thickness. It is shown clearly that the shear-extension
couplings should be negligible for the optimal laminate con-
figurations. Furthermore, the numerical results and the in-
vestigation based thereon show that the condition necessary
for an optimal laminate configuration is given by Eqgs. (27)
and (29), and that the maximized buckling load coefficient is
given by Eq. (25). It is also found that there are many op-
timal laminate configurations, both symmetric and asym-
metric. One of the optimal configurations is shown to be the
lamination with an infinite number of infinitely thin layers
arranged so that the shell becomes quasi-isotropic in the shell
surface and quasihomogeneous through the thickness.



1098 J. ONODA

References

ITasi, I., “Effect of Heterogeneity on the Stability of Composite
Cylindrical Shells under Axial Compression,”” AIAA Journal, Vol.
4, June 1966, pp. 1058-1062.

2Hirano, Y., “Buckling of Angle-Ply Laminated Circular Cylin-
drical Shells,”” Journal of Applied Mechanics, Vol. 46, March 1979,
pp. 233-234.

3Kobayashi, S., Koyama, K., Seko, H., and Hirose, K., “Com-
pressive Buckling of Graphite-Epoxy Composite Circular Cylindrical
Shells,”” Proceedings of ICCM-IV, 1982, pp. 555-564.

4Uemura, M., and Kasuya, H., ““‘Coupling Effect on Axial Com-
pressive Buckling of Laminated Composite Cylindrical Shells,”’ Pro-
ceedings of ICCM-IV, 1982, pp. 583-590.

AIAA JOURNAL

SNshanian, Y. S. and Pappas, M., “Optimal Laminated Com-
posite Shells for Buckling and Vibration,” 4144 Journal, Vol. 21,
March 1983, pp. 430-437.

%Jones, R. M., Mechanics of Composite Materials, Scripta Book
Co., Washington, D.C., 1975, pp. 147-156.

Miki, M., “‘Material Design of Composite Laminates with Per-
sonal Computers—Part 1: Design Based on In-Plane Stiffness,”
Reinforced Plastics, Vol. 27, No. 9, 1981, pp. 377-386 (in Japanese).

8Fukunaga, H. and Hirano, Y., “Stability Optimization of
Laminated Composite Plates under In-Plane Loads,” Proceedings
of ICCM-1V, 1982, pp. 565-572.

time.

From the AIAA Progress in Astronautics and Aeronautics Series . . .

GASDYNAMICS OF DETONATIONS
AND EXPLOSIONS—v. 75

and
COMBUSTION IN REACTIVE SYSTEMS—v. 76

Edited by J. Ray Bowen, University of Wisconsin,
N. Manson, Université de Poitiers,
A. K. Oppenheim, University of California,
and R. I. Soloukhin, BSSR Academy of Sciences

The papers in Volumes 75 and 76 of this Series comprise, on a selective basis, the revised and edited manuscripts of the
presentations made at the 7th International Colloquium on Gasdynamics of Explosions and Reactive Systems, held in
Gottingen, Germany, in August 1979. In the general field of combustion and flames, the phenomena of explosions and
detonations involve some of the most complex processes ever to challenge the combustion scientist or gasdynamicist,
simply for the reason that both gasdynamics and chemical reaction kinetics occur in an interactive manner in a very short

It has been only in the past two decades or so that research in the field of explosion phenomena has made substantial
progress, largely due to advances in fast-response solid-state instrumentation for diagnostic experimentation and high-
capacity electronic digital computers for carrying out complex theoretical studies. As the pace of such explosion research
quickened, it became evident to research scientists on a broad international scale that it would be desirable to hold a regular
series of international conferences devoted specifically to this aspect of combustion science (which might equally be called
a special aspect of fluid-mechanical science). As the series continued to develop over the years, the topics included such
special phenomena as liquid- and solid-phase explosions, initiation and ignition, nonequilibrium processes, turbulence
effects, propagation of explosive waves, the detailed gasdynamic structure of detonation waves, and so on. These topics, as
well as others, are included in the present two volumes. Volume 75, Gasdynamics of Detonations and Explosions, covers
wall and confinement effects, liquid- and solid-phase phenomena, and cellular structure of detonations; Volume 76,
Combustion in Reactive Systems, covers nonequilibrium processes, ignition, turbulence, propagation phenomena, and
detailed kinetic modeling. The two volumes are recommended to the attention not only of combustion scientists in general
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